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Abstract
It is shown that given an arbitrary canonical transformation and an arbitrary Hamiltonian,
there is a naturally defined mapping that sends any solution of the Hamilton–Jacobi (HJ)
equation into a solution of the HJ equation corresponding to the new Hamiltonian.
PACS numbers: 45.20.Jj; 02.30.Hq; 02.20.Qs
1 Introduction
In the framework of classical mechanics, the Hamilton–Jacobi (HJ) equation constitutes a very useful
tool in the solution of the equations of motion. For a given Hamiltonian, any complete solution of
the corresponding HJ equation yields the general solution of the Hamilton equations (see, e.g., Ref.
1). The form of the Hamilton equations is preserved by any canonical transformation, but the
expression of the Hamiltonian may be modified and, therefore, the form of the HJ equation is also
affected by a canonical transformation. A natural question is: how can we relate the solutions of
the HJ equations corresponding to the two Hamiltonians?
As remarked in Ref. 2, in a canonical transformation, the original coordinates, qi, may be func-
tions of the new coordinates, the new momenta, and the time, qi = qi(Qj , Pj , t), whereas a solution,
S(qi, t), of the HJ equation depends on the coordinates and the time only, so that, a solution of
the HJ equation corresponding to the new Hamiltonian cannot be obtained from S(qi, t) by simply
substituting the qi as functions of Qi, Pi, and t.
In Ref. 2 the required relation was found in the restricted case where the canonical transformation
does not involve the time and the Hamiltonians do not depend on the time. Furthermore, the
solutions of the HJ equations considered there are of the form S(qi, t) =W (qi)−Et, which do exist
for time-independent Hamiltonians, but form a restricted class of solutions.
In Ref. 3 it was shown that given a Hamiltonian that can depend on the time and a one-
parameter group of canonical transformations that may involve the time, the action of the group of
transformations on a solution of the HJ equation can be defined by means of a partial differential
equation analogous to the HJ equation, with the generating function of the transformations in place
of the Hamiltonian, but the effect of a single canonical transformation was not determined there.
In this paper we find the effect of an arbitrary canonical transformation (not necessarily an
element of a continuous group of transformations) on an arbitrary solution of the HJ equation (not
necessarily complete) corresponding to a Hamiltonian that can depend on the time. As we shall
show below, this effect can be derived in a simple manner and the results of Refs. 2 and 3 are readily
reproduced from the general expression obtained here.
In Section 2 the main results are established and in Section 3 several examples are given.
1
2 Solutions of the HJ equation and canonical transforma-
tions
The HJ equation corresponding to a given Hamiltonian of a system with n degrees of freedom,
H(qi, pi, t), is the partial differential equation
H
(
qi,
∂S
∂qi
, t
)
+
∂S
∂t
= 0. (1)
If we perform a canonical transformation, Qi = Qi(qj , pj , t), Pi = Pi(qj , pj , t), the Hamiltonian
H(qi, pi, t) has to be replaced by a new one, K(Qi, Pi, t), which gives rise to another HJ equation
K
(
Qi,
∂S′
∂Qi
, t
)
+
∂S′
∂t
= 0, (2)
and we want to find a way of constructing a solution S′(Qi, t) of Eq. (2) from each solution S(qi, t)
of Eq. (1). To this end, we start by pointing out a useful characterization of the solutions of the HJ
equation (cf. also Ref. 4).
Proposition 1. Any solution, S(qi, t), of the HJ equation (1) defines a surface (a submanifold) of
the extended phase space, given by
pi =
∂S
∂qi
, (3)
i = 1, 2, . . . , n, on which the linear differential form pidqi − Hdt is exact (with summation over
repeated indices); in fact,
pidqi −Hdt = dS. (4)
Conversely, a submanifold of the extended phase space, given by n functions
pi = Fi(qj , t), (5)
on which the differential form pidqi −Hdt is exact, defines (up to an additive constant) a solution
of the HJ equation. (The solution is the function S determined by Eq. (4).)
It may be noticed that the function S appearing in Eqs. (1), (3), and (4) may contain some
parameters (as in the case of a complete solution), but this is not essential at this point. For
example, if the Hamiltonian is taken as
H =
p2
2m
− ktq, (6)
where k is a constant, then, on the two-dimensional submanifold of the extended phase space defined
by
p =
kt2
2
,
we have
pdq −Hdt =
kt2
2
dq −
(
k2t4
8m
− ktq
)
dt
= d
(
kt2q
2
−
k2t5
40m
)
.
Hence, the function
S =
kt2q
2
−
k2t5
40m
(7)
is a solution, without arbitrary parameters, of the HJ equation for the Hamiltonian (6). However,
for each value of the constant a, the equation
p =
kt2
2
+ a, (8)
2
defines a two-dimensional submanifold of the extended phase space, on which the differential form
pdq−Hdt is exact. In this case one obtains a complete solution of the HJ equation, which is related
to the fact that the collection of submanifolds (8) covers all the extended phase space.
On the other hand, the coordinate transformation
Qi = Qi(qj , pj, t), Pi = Pi(qj , pj , t), (9)
is canonical if and only if there exists some function F such that
PidQi −Kdt− (pidqi −Hdt) = dF, (10)
where K is the new Hamiltonian.
For instance, the transformation
Q = q − V t, P = p−mV, (11)
where m and V are constants, is canonical since
PdQ−Kdt− (pdq −Hdt) = (p−mV )(dq − V dt)− pdq + (H −K)dt
= −V pdt−mV dq +mV 2dt+ (H −K)dt
= d(−mV q) + (−V p+mV 2 +H −K)dt,
which shows that the new Hamiltonian must be
K = H − V p+mV 2 + φ(t) = H − V P + φ(t), (12)
where φ(t) is an arbitrary function of t only, and
F = −mV q −
∫ t
φ(u)du. (13)
Whereas the differential form pidqi −Hdt (and, similarly, PidQi −Kdt) is exact only on some
submanifolds of the extended phase space (of dimension not greater than n + 1), the combination
PidQi − Kdt − (pidqi − Hdt) is exact in open neighborhoods of the extended phase space (that
is, in (2n + 1)-dimensional regions). Hence, from Eq. (10) we see that, if pidqi − Hdt is an exact
differential on some submanifold of the extended phase space, then PidQi − Kdt is also exact on
that submanifold. Thus, if S(qi, t) is a solution of the HJ equation (1), then
PidQi −Kdt = d(S + F ) (14)
on the submanifold (3) and, according to Proposition 1,
S′ = S + F (15)
is a solution of the HJ equation (2), provided that the right-hand side of Eq. (15) is expressed in
terms of the Qi and t, eliminating the other variables by means of Eqs. (3) and (9).
For instance, in the case of the Hamiltonian (6) and the canonical transformation (11), from Eq.
(12) we find that, choosing φ(t) = kV t2 −mV 2/2,
K =
P 2
2m
− ktQ, (16)
which has the form of the original Hamiltonian (6), with only q and p replaced by Q and P ,
respectively, and from (13),
F = −mV q −
kV t3
3
+
mV 2t
2
. (17)
Thus, making use of Eqs. (15), (7), and (11),
S′ =
kt2q
2
−
k2t5
40m
−mV q −
kV t3
3
+
mV 2t
2
=
kt2Q
2
−
k2t5
40m
−mVQ+
kV t3
6
−
mV 2t
2
, (18)
which is a solution of the HJ equation corresponding to the Hamiltonian (16); S′ contains the
parameter V and is a complete solution.
3
2.1 Connection with previous results
In the case where the Hamiltonian H does not depend on t and the canonical transformation (9)
does not involve the time, choosing K = H , the function F , on the right-hand side of Eq. (10), does
not depend on t, then, making use of the fact that the HJ equation (1) admits solutions of the form
S(qi, t) =W (qi)− Et, (19)
where E is a constant, from Eq. (15) we obtain a solution of the HJ equation (2),
S′ =W + F − Et,
which is also of the form (19), S′ =W ′ − Et, with
W ′ =W + F,
as given in Eq. (14) of Ref. 2.
As we shall show, in the case where the Hamiltonian H may depend on t and we have a one-
parameter group of canonical transformations generated by some function G defined on the extended
phase space, the function S′ given by Eq. (15) satisfies the partial differential equation
G
(
Qi,
∂S′
∂Qi
, t
)
+
∂S′
∂α
= 0, (20)
where α is the parameter of the group, with the initial condition S′|α=0 = S (assuming that for
α = 0 the canonical transformation generated by G reduces to the identity). In Ref. 3, the action
of a one-parameter group of canonical transformations on a solution of the HJ equation was defined
by Eq. (20).
In order to derive Eq. (20), we note that if both sides of Eq. (10) (including the original coor-
dinates qi, pi) are expressed as functions of Qi, Pi, t, and α, then, taking the partial derivative with
respect to α,
−
(
∂K
∂α
)
Q,P,t
dt−
(
∂pi
∂α
)
Q,P,t
dqi − pid
(
∂qi
∂α
)
Q,P,t
+
(
∂H
∂α
)
Q,P,t
dt = d
(
∂F
∂α
)
Q,P,t
,
where we have made use of the notation (∂/∂α)Q,P,t to emphasize that Qi, Pi, and t are held constant
in the differentiation. Thus,(
∂(H −K)
∂α
)
Q,P,t
dt−
(
∂pi
∂α
)
Q,P,t
dqi +
(
∂qi
∂α
)
Q,P,t
dpi = d
[(
∂F
∂α
)
Q,P,t
+ pi
(
∂qi
∂α
)
Q,P,t
]
.
Letting
G ≡ −
(
∂F
∂α
)
Q,P,t
− pi
(
∂qi
∂α
)
Q,P,t
(21)
we have (
∂pi
∂α
)
Q,P,t
=
∂G
∂qi
,
(
∂qi
∂α
)
Q,P,t
= −
∂G
∂pi
,
hence, making use of Eq. (15), we have(
∂S′
∂α
)
Q,P,t
=
∂S
∂qi
(
∂qi
∂α
)
Q,P,t
+
(
∂F
∂α
)
Q,P,t
= pi
(
∂qi
∂α
)
Q,P,t
+
(
∂F
∂α
)
Q,P,t
= −G,
as was to be shown. (Compare with the derivation given in Ref. 2, for the time-independent case.)
In the example considered above, the transformations (11) form a one-parameter group with the
parameter being V . According to Eqs. (11), (17) and (21), the generating function of the group is
G(Q,P, t) = mQ − tP + kt3/3, and one readily verifies that the expression (18) satisfies Eq. (20).
Since K and H have the same form, replacing Q by q in the expression (18) one obtains a complete
solution of the HJ equation for H .
4
3 Further examples
In this section we give two additional examples of the use of Eq. (15). We begin with the Hamiltonian
H = e−2γt
p2
2m
+ e2γt
mω2q2
2
,
where γ is a constant, which corresponds to a damped harmonic oscillator. The coordinate trans-
formation
Q = eγtq, P = e−γtp
is canonical and from Eq. (10) one finds that the new Hamiltonian can be taken as
K =
P 2
2m
+
mω2Q2
2
+ γPQ,
with F = 0. By contrast with H , the Hamiltonian K does not depend explicitly on t and therefore
the HJ equation for K admits separable solutions of the form
S′ = −Et+ f(Q),
where E is a separation constant and f satisfies
df
dQ
= −mγQ±
√
2mE −m2(ω2 − γ2)Q2,
thus, a (complete) solution of the HJ equation for H is given by
S = −Et−
1
2
mγe2γtq2 ±
∫ eγtq√
2mE −m2(ω2 − γ2)u2 du.
It may be noticed that this function is not separable nor R-separable.
As a final example we consider the standard Hamiltonian for a simple harmonic oscillator,
H =
p2
2m
+
mω2q2
2
.
The coordinate transformation
q =
1
ω
√
2Q
m
cos(ωP ), p =
√
2mQ sin(ωP ),
is canonical and Eq. (10) shows that we can take
K = Q,
with F = PQ− (Q/ω) sin(ωP ) cos(ωP ). Hence, the HJ equation for K is given by
Q+
∂S′
∂t
= 0, (22)
whose general solution is given by S′ = −Qt+ f(Q), where f(Q) is an arbitrary function of Q only.
Choosing
S′ = −Q(t− t0),
where t0 is a constant, we obtain a complete solution of the HJ equation (22), and from Eq. (15),
taking into account that P = ∂S′/∂Q = t0 − t, we obtain
S = −
mω
2
q2 tan[ω(t− t0)].
Note that this function is the product of separated functions of q and t.
5
4 Concluding remarks
As shown in Refs. 2 and 3, and in the example given in Section 2, making use of a constant of
motion, one can add a parameter to a given solution of the HJ equation.
The association of the solutions of the HJ equation with certain submanifolds of the extended
phase space allows us to readily establish the general relation (15), avoiding the lengthy computations
employed in Refs. 2 and 3. This association offers a way of studying the representation of the group
of canonical transformations on the principal function S and to understand the structure of the set
of solutions of the HJ equation for a given Hamiltonian.
Apart from its intrinsic interest in the Hamiltonian formulation, the results derived here and in
Refs. 2 and 3 seem relevant in connection with the representation of the canonical transformations
in quantum mechanics, owing to the relationship between the HJ equation and the Schro¨dinger
equation.
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